
ON T H E  E X P A N S I O N  I N T O  A V A C U U M  O F  A R A R E F I E D  

P L A S M A  W I T H  T W O  S O R T S  O F  I O N S  

V.  M. G e f t e r  

The one -d imens iona l  expansion of a p l a sma  with d i f ferent  t e m p e r a t u r e s  and two s o r t s  of 
ions into a vacuum is  examined.  When the ion ve loc i ty  d i s t r ibu t ion  in the p l a sma  is Max-  
wel l ,an,  p ropagat ion  of a r a r e f a c t i o n  wave is observed ,  the boundary of which is a weak 
discont inui ty  moving with the ve loc i ty  of ionic sound in the p l a s m a .  The value of th is  
ve loc i ty  is found for  the p l a sma  in question. Attent ion is mainly  focused on finding the 
f i r s t  two moments  of the d i s t r ibu t ion  functions,  i .e . ,  the mean ve loc i t i e s  and the den-  
s i t i e s  of the heavy p a r t i c l e s .  An app rox ima te  a sympto t i c  solution is obtained for  the 
s y s t e m  of t r a n s p o r t  equat ions in the case  when the two kinds of ions have s i m i l a r  
m a s s e s ,  and the s y s t e m  is  solved n u m e r i c a l l y  by computer .  Some fea tu res  of the so lu -  
t ions ,  typifying a p l a sma  in which the d i f ferent  s o r t s  of ions have different  m a s s e s ,  a r e  
ana lyzed  in detai l .  

1. Let  the p l a s m a  occupy the ha l f - spac e  x < 0 at  the in i t ia l  instant and s t a r t  to expand into a vacuum 
(x > 0) at  the instant  t = 0. The p l a s m a  is d e s c r i b e d  by the c o l l i s i o n - f r e e  k inet ic  equations with s e l f - c o n -  
s i s t en t  f ie ld  

O]e -]-V ale e Or ale (1.1) 
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O/i Oil e O/ 0], = 0  (i=1,2) (1.2) 
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- - r  

Here  f k  is  the d i s t r ibu t ion  of p a r t i c l e s  of the k- th  sor t ,  N k is the concentra t ion  of these p a r t i c l e s ,  
q~ i s  the e l e c t r i c  f ie ld  potent ia l ,  M i is  the m a s s  of an ion of the i - th  so r t ,  and m is the m a s s  of an e l e c -  
t r  on. 

The p r o b l e m  of expansion into a vacuum was cons ide red  in [1] for  a s imple  p l a sma  (with e l ec t rons  
and ions of one sor t ) ;  th is  solution will  be a s s u m e d  to hold when the two so r t s  of ions have equal m a s s e s .  

The au thors  of [1] concluded, f r o m  a study of the in i t ia l  s tage of the expansion p r o c e s s ,  that the 
/ _  

p l a s m a  movement  r ap id ly  app rox ima te s  to a s i m i l a r i t y  type.  Fo r ,  a f t e r  quite a shor t  t ime  t > (M2/2Ti) 1/2 • 
Di, the c h a r a c t e r i s t i c  d imens ion  of the inhomogenei t ies  in the p l a sma  becomes  much g r e a t e r  than the 
Debye ionic rad ius  D i. Hence the p l a s m a  can be r e g a r d e d  as  quas i -neu t r a l  f r om this  instant (see [4]), 
while the e l ec t rons  have a Boltzmann d is t r ibu t ion ,  which means  in the l a s t  ana lys i s  that the solution of 
Eqs. (1.2) can be sought in the c l a s s  of s i m i l a r i t y  solut ions ,  i .e . ,  we can put f ,  = f i ( x / t , v ) .  Introducing the 
d i m e n s i o n l e s s  v a r i a b l e s  
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the  equa t ions  

0~ 

(u~--  ~) og2 
o'~ 2 

2 Oul 
- - 0 0  

Ou~ d~r , --co M~ / 

(1.4) 

a r e  ob ta ined  fo r  the  d i m e n s i o n l e s s  d i s t r i b u t i o n  funct ion .  

C o n s i d e r  the  equa t i ons  fo r  the f i r s t  m o m e n t s  of the  d i s t r i b u t i o n  funct ion ,  i . e . ,  the  mean  (d i r e c t ed )  
v e l o c i t y  v i and  the  ion d e n s i t y  Ni: 

ON~ 0 
or- § ~ (Niv~) = 0 

I Or. Ovl ~ 0~In (N1 + N~) 
M i  -3~  + v i~-x  j = - -  T~ ax 

(1.5) 

In d i m e n s i o n l e s s  v a r i a b l e s  t h o s e  b e c o m e  

(u l - - ' ~ )  dinN1 dul ~ 0, 

dux t din(N1-{- N2) __ 0, 
(u~ - ~) ~ + 2 d~ 

(U~ - -  z) d, Ind.~N2 + du~#: = 0 

du2 "; dln(N'l + N.~) 0 .  

(1 .6 )  

T a k i n g  a co ld  p l a s m a ,  i . e . ,  one in which  t h e r m a l  m o v e m e n t  of the ions  i s  n e g l i g i b l e ,  Eqs .  (1.6) w i l l  
be  a s s u m e d  to hold f o r  a l l  ~- g r e a t e r  than  %, to  be  de f ined  be low.  The  b o u n d a r y  cond i t ions  fo r  Eqs.  (1.6) 
m a y  be  s t a t e d  a s  fo l lows .  It i s  wel l  known {see, e . g . ,  [3]) tha t  the  o n e - d i m e n s i o n a l  s i m i l a r i t y  m o v e m e n t  of 
a c o m p r e s s i b l e  gas  can  be  r e p r e s e n t e d  a s  p r o p a g a t i o n  of a n o n s t a t i o n a r y  r a r e f a c t i o n  wave ,  the  b o u n d a r i e s  
of which  a r e  weak  d i s c o n t i n u i t i e s ,  mov ing  wi th  the  l oca l  v e l o c i t y  of sound.  T h i s  r e p r e s e n t a t i o n  a l s o  a p p l i e s  
to the  p r e s e n t  p r o b l e m ,  s i n c e  the  p h y s i c a l  p i c t u r e  of the  p r o c e s s  and Eqs.  (1.5) a r e  s i m i l a r  to  the  g a s - d y -  
n a m i c  c a s e .  It wi l l  be  a s s u m e d  tha t  the  n o n s t a t i o n a r y  r a r e f a c t i o n  wave  t r a v e l s  in the  d i r e c t i o n  ~- < 0, i t s  
f o r w a r d  f ron t  b e i n g  a weak  d i s con t inu i ty ;  to the  l e f t  of i t  t h e r e  is  a r eg ion  of u n d i s t u r b e d  p l a s m a  with N i = 
ni0, ui = 0, and  to the  r i g h t  a r e g i o n  in which  the d e n s i t y  and  v e l o c i t y  of the  ions  a r e  d e s c r i b e d  by  so lu t i ons  
of the  s y s t e m  (1.6). The  v e l o c i t y  of the  w e a k  d i s c o n t i n u i t y  wi l l  f i r s t  be  found fo r  a p l a s m a  c o n s i s t i n g  of 
ions  of one s o r t .  We t r a n s f o r m  to a c o o r d i n a t e  s y s t e m  c o n n e c t e d  with  the  d i s c o n t i n u i t y :  x is  r e p l a c e d  by  
the  c o o r d i n a t e  ~ = x + at,  w h e r e  a is  the  r e q u i r e d  v e l o c i t y  of p r o p a g a t i o n  of the w e a k  d i s con t inu i t y ,  fo r  
which  the e x p r e s s i o n  

a 2 = r e / M  (1.7) 

i s  e a s i l y  ob ta ined .  

A s  was to be  e x p e c t e d ,  t h i s  i s  the  s a m e  a s  the  v e l o c i t y  of ion ic  sound in the p l a s m a  [4]. On the d i s -  
con t inu i ty ,  t h e r e f o r e ,  i . e . ,  wi th  ~ = 0 o r  x / t  = - a ,  the  fo l lowing  cond i t i ons  a r e  s a t i s f i e d  fo r  the  so lu t i ons  
N/N 0 = C exp (-~-4-2) and  u = ~- + 1/24-2 (see [1]): 

:~=c~p[-kW j ~j, =~,~-~,) - ( -+ -7"  

Hence we obtain C = l/e, in agreement with [i]. In our present problem, the plasma consists of two 

sorts of ions, and the velocities of the discontinuities for these "ionic gases" may in general be distinct. 

It can be shown, however, that when a rarefaction wave moves through a mixture of fixed gases there is 

only one weak discontinuity moving in a given direction. This was proved in [5,6] for the ordinary equa- 
tions of gas dynamics. Consider the system of equations (1.5), on the assumption (see [7]) that all the hy- 
drodynamic functions Oi are continuous on the discontinuity, while their derivatives have nonzero jumps 
equal  to  

[OOdOx] = ~.%n, [Off)JOt] = - -  ~,r 
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H e r e  n is the unit  n o r m a l  to  the s u r f a c e  of the d iscont inui ty ,  and a is the ve loc i ty  of the discont inui ty .  
We then have 

- -  ;LNia + 12v~vin + ; % i N #  ~ 0 

a~ (XN, + XN~) = - -  (N~ + N~) (X~,v~n - -  X%a) 

where  a i is the ve loc i ty  of sound in a p l a s m a  with ions of the i - th  sor t .  The condit ion fo r  this s y s t e m  of 
four equat ions  to be so lvable  fo r  XNi and XVi is 

(a - -  Vx~,)*N~a~ ~ -{- (a - -  Vz'n)2N~a~ ~ = (a - -  Vl~)~ (a - -  V~.) ~ (N~ + N , )  

In gene ra l ,  this  equat ion has t h r ee  n o n z e r o  roo t s ,  two of which a r e  negat ive;  but when the movemen t  
takes  p lace  in a fixed mix tu re  (V m = V2n = 0, N m = nlo, N2n = n20), we have 

a2 - -  nlOt~l% -~  tb?0a2 2 

Hence,  fo r  the wave t r a v e l i n g  in the d i rec t ion  x < 0, 

a = M~ nz0 + nl0 ] 

2. Since the s y s t e m  (1.6) cannot  be so lved  exact ly ,  in addit ion to  so lv ing  it n u m e r i c a l l y  we examined  
its a s y m p t o t i c  p r o p e r t i e s  as  "y ~ 1, i .e . ,  when the ions of the two kinds have n e a r l y  equal m a s s e s  (the 
l imi t ing  c a s e  M1 = M2 is c o v e r e d  by [1]), The solut ion of s y s t e m  (1.5) was then sought in the f o r m  

u~ .= u0 -}- 6v~, - 2% o ~ No O + 6n~ (N~ ~ ----- N~ / No) (2.1) 

H e r e  5v i and 5n i a r e  smal l  t e r m s  added to the "bas ic"  solut ions  u 0 and N0i~ these  l a t t e r  give r e -  
spec t ive ly  the mean  ve loc i ty  and dens i ty ,  i .e . ,  the exac t  solut ion of s y s t e m  (1.6) in the l imi t ing  case  ~/= 1; 
they  were  obtained in [2]: 

nio exp (-- ]/'2~ -- 1) _ exp (-- ]/2"~ --1) 
Nl~176 -- mo + mo -- t + 

A[S0 o J n:o e x p  ( - -  ] /2"r - -  1) ----- ~] e x p  ( - -  ]/2"~ - -  t )  
n~0 + mo t + ~] 

uo ~- "~ + t /2  ] / 2 ,  ~l ~ n2o/n lo ,  . N o  = nlo + n~o 

(2.2) 

Substi tute (2.1) and (2.2) in Eqs.  (1.6). A s s u m i n g  that 5v i and 6n i a r e  smal l ,  and d i s c a r d i n g  all  but 
l i nea r  t e r m s  in t h e m  and in e = 1 - T, the fol lowing s y s t e m  of l i nea r  equat ions  is obtained : 

(i + ~l) exp (|/2-~ + 1)(V-25n~ + .d6nUd'r ) + V'2 dbv~/d'~ - -  25v~ = 0 

(t + ~l)exp (V-2~ -}- t)(]/-2-6n2 + dbn2/d'~) + ~1 (V'2dSv2/dr,  - -  2502) = 0 (2.3) 

exp (V'2-~ + t) [V'2-(bn~ + 6n2) + d (6n~ + 6n2)/d'~] + ]/ '2d6v~/dT + 26v~ = 0 

exp (]/2-~ -{- ~,)' II/-2(6n~ + 6nz) + d (6n~ + 6n2)/dT] + ]/-2 d6v~/d'~ -[- 26v~ --~ ] /~2(T--~)  

The solut ion of this s y s t e m  is 

6 h i  

t 

BTI exp(_ ] / -~T)  4 (t--T)~I 
6Pl-- ~]q-i 2)/~ O] + i ) 

6v~ ---- n ~ i -  l exp (--  V-2~) (1 --r)  (n + 2) 
2 ] / 5  (~l + t )  

(i " ~ )  ~ .r exp(-- ]/'2"c -- l) + C1 exp (-- ]/r~- ) 2 V2~IB exp(- -  2] / -2T--  i) -[- V-~(~I_t_t)~ 
(~ + t)', 

(n + i)~ V~ (n + i) ~ 

(2.4) 
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The c o n s t a n t s  of i n t eg r a t i on  B and Ci a r e  found f r o m  the condi t ions  on the weak d i scon t inu i ty ,  where  

/ t l  : U 2 = O ,  
N l o  = nlo i n2o ~1 

No - t + ~ ,  N 2 ~  = ~  " 

It was shown above that ,  in the coord ina te  s y s t e m  connec ted  with the d i scon t inu i ty ,  i ts  coord ina te  ~ = 
0 c o r r e s p o n d s  to x / t  = - a ,  where  a is the ve loc i ty  of the weak d i s con t inu i ty  in the p l a s m a .  This  m e a n s  
that ,  in v a r i a b l e s  % the coord ina te  of the d i s con t inu i ty  is 

T o : = - -  \2[1+~11] " 

Since the s y s t e m  of l i n e a r i z e d  equa t ions  has been  solved,  the e x p r e s s i o n  for  the ve loc i t y  of the d i s -  
con t inu i ty  has to be  l i n e a r i z e d  with r e s p e c t  to e; a f t e r  doing th i s ,  we get 

yO t - - :  

2Vi 

Subst i tu t ion  of so lu t ions  (2.2) and (2.4) in (2.1) gives  the s a m e  va lue  ~-'0, and a l s o  the fol lowing va lues  
of the cons t an t s  : 

C2-- 

~ -  ~-~ [ ~ ( ~ + ~ l  
V-2 e x p - - - # -  i - } - ~ - - / ]  

C1-- l§  (2.5) 

With the coef f ic ien ts  (2.5), the so lu t ions  (2.4) for  the added t e r m s  6v i and 6n i s a t i s fy  the r e q u i r e d  
cond i t ions ;  when 3/= 1, 5v i = 0, 5n i = 0, as  fol lows d i r e c t l y  f r o m  (2.5); when ~ ~ 1, the added t e r m s  a r e  
s m a l l ,  s ince  they a r e  p ropo r t i ona l  to e = 1 - % 

C o n s i d e r  the b e h a v i o r  of the ion ve loc i t i e s  u i = u 0 + 6v i for  d i f f e ren t  % as  a funct ion  of the m a s s e s  
of the ions and  t h e m a s s  ra t io ,  i .e . ,  as  a funct ion  of % The weak d i scon t inu i ty ,  r e p r e s e n t i n g  the b o u n d a r y  
be tween  the u n d i s t u r b e d  and  the expanding p l a s m a ,  moves  with ve loc i ty  a, l e s s  than the ve loc i ty  in the case  
of a p l a s m a  with one "l ight" so r t  of ion (a  2 < a < a l ) ;  and  hence ,  the ve loc i t i e s  of both the l ight  and the 
heavy ions ,  depa r t i ng  r e l a t i v e  to the d i scon t inu i ty ,  a r e  l e s s  than in the l i m i t i n g  case ,  and  the d i f f e r ence  
i n c r e a s e s  as  ~ = M I/1V[ 2 fa l l s .  More  de ta i l ed  a n a l y s i s  shows that ,  when u t and  u 2 a r e  c o m p a r e d  with u = 
~- + 1/2C2 at points  equ id i s t an t  f r o m  the r e l e v a n t  d i scon t inu i ty ,  u is g r e a t e r  than u 2 and l e s s  than u 1 e v e r y -  
where ,  except  for  a s m a l l  r eg ion  i m m e d i a t e l y  ad jacen t  to the d i scon t inu i ty .  

To s u m  up, the ve loc i t i e s  u 1 and u 2 a r e  the s a m e  on the weak d i scon t inu i ty ,  in fact ,  they a r e  ze ro  
r e l a t i v e  to the p l a s m a ;  but  the a c c e l e r a t i o n s  dul/d~- and du2/dT are di f fe ren t ,  in fact,  dul/d~- > 1, du2/d'r < 
1. This  i m p l i e s  that the l ight  ions i m m e d i a t e l y  a c q u i r e  a h igher  ve loc i ty  than the heavy ions ,  as is amp ly  
c o n f i r m e d  by a n a l y s i s  of t h e i r  b e h a v i o r  at the point  ~- = 0; this  l a t t e r  is a s i n g u l a r  point ,  s ince  the ve loc i ty  
and dens i ty  of each  so r t  of ion r e m a i n s  cons tan t  at it  at a ny  given ins tan t .  F o r  a p l a s m a  with one so r t  of 
ion, the va lues  were  u ~ = 1/2C2 , N ~ = t/2e. C o m p a r i s o n  of the ion v e l o c i t i e s  in the p r e s e n t  p r o b l e m  with u ~ 
g ives  the inequa l i ty  u t  ~ > u ~ > u2 ~ i .e . ,  the d i f fe ren t  so r t s  of heavy p a r t i c l e s  t r a v e l  with d i f fe ren t  ve loc i t i e s  
(though aga in ,  cons t an t  in  t ime)  at  the point  "r = 0. As "r ~ ~,  the d i f f e rence  be tween  the v e l o c i t i e s  of the 
l ight  and heavy ions d i m i n i s h e s ,  though we a lways  have 

~1 - ~2 > 1/2 (~ - ~) V2 

i . e . ,  the p l a s m a  s t r a t i f i e s  into l a y e r s  of l ight  ions mov ing  in f ron t  and  heavy ions behind.  Th i s  fact  is 
p roved  not only by the fact that u 1 > u 2 for  a l l  ~- but a l so  by the fact  that  du~/dv > 1 while  0 < du2/d~- < 1 
at any  point ,  though both a c c e l e r a t i o n s  tend to un i ty  as  ~- ~ - ~ .  
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In the  l igh t  of t h e s e  r e m a r k s ,  it can be  s a i d  that  the  m o m e n t u m - w i s e  s e p a r a t i o n  tha t  t a k e s  p l a c e  

a l m o s t  f r o m  the v e r y  b e g i n n i n g  of the  e x p a n s i o n  in a co ld  p l a s m a  with  ions of one kind,  in the  p r e s e n t  c a s e  
only  s e t s  in a t  an exponen t i a l  r a t e ,  and  not i m m e d i a t e l y ;  and f u r t h e r m o r e ,  it is  
d i f f e r e n t f o r t h e  l igh t  and  the heavy  ions ,  b e c a u s e  t h e i r  m a s s e s  a r e  d i f f e r en t .  

Th i s  d e l a y  in r in s t a b i l i z i n g  the  ion a c c e l e r a t i o n s ,  which  i s  of the  s a m e  
o r d e r  a s  in the  p r e v i o u s  p r o b l e m ,  m a y  be  e x p l a i n e d  by  the e l e c t r i c  f i e ld  e s t a b -  

~ I  l i s h m e n t  p r o c e s s  t ak ing  l o n g e r  (in r) ,  b e c a u s e  the  ion d i s t r i b u t i o n s  a r e  m o r e  
~36-- c o m p l i c a t e d  than  in the  e a r l i e r  c a s e  (due to  the  d i f f e r en t  ion m a s s e s ) .  The  s o l u -  

2 t ion has  a n o t h e r  i m p o r t a n t  f e a t u r e .  Whi le  a l l  the  d e r i v a t i v e s  d u i / d r ,  d u i / d r *  b e -  

~ - c o m e  equal  in the  l i m i t  a s  T ~ ~ ,  the  v e l o c i t i e s  t h e m s e l v e s ,  o r  m o r e  p r e c i s e l y ,  
the  c h a r a c t e r i s t i c s  of Eqs.  (1.4), c o n c e n t r a t e  about  d i f f e r e n t  a s y m p t o t e s :  f r o m  

~j ' ~ \  [1], in the  c a s e  of u, the  a s y m p t o t e  i s  the  s t r a i g h t  l ine  u = r + 1/2~2. In the  p r e s -  
-~~ ~ x~, ent  p r o b l e m  we have  the  s t r a i g h t  l ine  u 1 = r + 1/2x/-2 + (1 - 7)~?/2~2(V + 1) fo r  the 

" ~ ' " - ~  I l ight  ions ,  and u 2 = T + 1/2~-2 + (1 - -  T) (~ + 2)/2C207 + 1) fo r  the  h e a v y  ions .  

~ ~" A n a l y s i s  of the  so lu t ions  ob ta ined  fo r  Nt  ~ and 1~2 ~ iS m o r e  d i f f i cu l t ,  s i n c e  
the  in i t i a l  c o n c e n t r a t i o n s  nto and n20, i . e . ,  the  va lue  of the  p a r a m e t e r  ~, p l ay  an 

F ig .  1 
i m p o r t a n t  r o l e  h e r e .  T h r e e  p o s s i b l e  c a s e s  m a y  be  c o n s i d e r e d .  

1. Le t  ~ = 1. At  each  ins t an t  the  s e p a r a t i o n  r e g i o n  can be  s p l i t  into two,  a r e g i o n  of n e g a t i v e  r ,  l o -  
c a t e d  b e t w e e n  the  d i s c o n t i n u i t y  and the  b o u n d a r y  x = 0, of v e r y  s m a l l  s i z e  ( s ince  1%'1 < 1 /~2) ,  and  a r e g i o n  
r > 0, which  is of much  m o r e  i n t e r e s t .  In the  f i r s t  r e g i o n  t h e r e  i s  a v e r y  s l i gh t  p r e p o n d e r a n c e  of heavy  

p a r t i c l e s ,  a s  is  c o n f i r m e d  b y  the  i n e q u a l i t i e s  ob ta ined  by  a n a l y z i n g  the  so lu t i on  

With r > 0, Nt  ~ b e c o m e s  g r e a t e r  than N 2  ~  s i n c e  the m a i n  c on t r i bu t i on  
i s  h e r e  p r o v i d e d  b y  t e r m s  of the  f o r m  r e x p ( - ~ 2 T ) ,  which,  f o r  the  l ight  ions ,  ~05 
d e c r e a s e  the  c o n c e n t r a t i o n  f a l l - o f f  wi th  i n c r e a s i n g  r ,  and  fo r  the  h e a v y  ions ,  

i n c r e a s e  th i s  f a l l - o f f .  

2. When ~7 < 1, we a l r e a d y  have  N1 ~ > N2 ~ on the  d i s c o n t i n u i t y ,  due to  the  ~0r 
g r e a t e r  n u m b e r  of l ight  ions  i n i t i a l l y ,  and  th i s  i ne qua l i t y  can only b e c o m e  

s t r o n g e r  a s  r ~ +~. 

3. When ~7 > 1, the  h e a v y  ions  have a g r e a t e r  c o n c e n t r a t i o n  in the  f i r s t  
r eg ion  than  the  l ight  ions;  a t  the  poin t  r = 0, the  d i f f e r e n c e  b e t w e e n  the  c o n -  ~0z 
c e n t r a t i o n s  i s  g r e a t e r  than  when ~? = 1. In the  s e c o n d  r e g i o n ,  t h e r e f o r e ,  the  
d i f f e r e n c e  wil l  be  m a i n t a i n e d  in f a v o r  of the  h e a v y  ions  fo r  " l o n g e r "  in r (as 
c o m p a r e d  with  the  f i r s t  c a se ) ,  though a point  is  a l w a y s  r e a c h e d ,  a s  r -~ +oo, 
such  that  N1 ~ b e c o m e s  g r e a t e r  than  N 2  ~ r e g a r d l e s s  of the  in i t i a l  c o n c e n t r a -  

t i ons .  

The  in f luence  of the  p a r a m e t e r  7 on the func t ions  u i and Ni ~ i s  qui te  
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Fig .  2 

s t r a i g h t f o r w a d :  the  s t r o n g e r  the i n e q u a l i t y  M 1 < M 2 (within the  context  of 
the  l i m i t i n g  c a s e  T ~ 1), the  g r e a t e r  the  d i f f e r e n c e  be tween  the  l ight  and heavy  ion v e l o c i t i e s  and c o n c e n -  

t r a t i o n s ,  and  the  m o r e  m a r k e d  b e c o m e  the  e f f e c t s  d e s c r i b e d  above .  

On a n a l y z i n g  the  b e h a v i o r  of the  o t h e r  d i m e n s i o n l e s s  quan t i t i e s  c h a r a c t e r i z i n g  the  p l a s m a  e x p a n s i o n  
into  a v a c u u m ,  i . e . ,  the  po t en t i a l  ~ = In (Nil + N2 ~ and the  f o r c e  F = .--d~/dr, t hey  a r e  found to d i f f e r  s o m e -  
what  f r o m  the  c o r r e s p o n d i n g  p a r a m e t e r s  (O and F) in the  p r o b l e m  wi th  ions  of one s o r t .  I m m e d i a t e l y  b e -  
hind the d i s c o n t i n u i t y ,  ~ b e c o m e s  g r e a t e r  than r  A s  r i n c r e a s e s ,  t h e i r  d i f f e r e n c e  i n c r e a s e s ,  though the  
r e l a t i v e  d i f f e r e n c e  (~ - ~ ) / r  has  a m a x i m u m  (~10%) at  r ~ 1. A s  r -~ - ~ ,  the  po t en t i a l  and  f o r c e  have  the  
s a m e  a s y m p t o t i c  b e h a v i o r  a s  b e f o r e ,  i . e . ,  ~ -~ --q-2r and F --~ ~2; the  only d i f f e r e n c e  is that  the  a b o v e -  
m e n t i o n e d  " r  d e l a y "  o c c u r s  in the p r e s e n t  p r o b l e m ,  due to  the  t e r m s  of the  f o r m  in r in ~ and the  c o r r e c -  

t ion 1/r to  F. 

*As in  R u s s i a n  o r i g i n a l -  P u b l i s h e r .  
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We shal l  not offer  a comple te  n u m e r i c a l  eva lua t ion  of these  p a r a m e t e r s ,  and conf ine  o u r s e l v e s  to 
m e n t i o n i n g  the in f luence  of the e l e c t r i c  f ie ld  on the p l a s m a  m o v e m e n t .  Strong a c c e l e r a t i o n  of p a r t  of the 

ions by the e l e c t r i c  f ie ld  was noted in [1], e s p e c i a l l y i n a  v a r i a b l e - t e m p e r a t u r e  p l a s m a ;  it can be shown 
that ,  in our  p r e s e n t  p r o b l e m ,  the m e a n  e n e r g i e s  of the two s o r t s  of ions when ~" is  l a r ge  a r e  

( ' -  ~)"_ 11 

(2.6) 

and,  as might  be expected ,  the l ight ions  a r e  m o r e  s t r o n g l y  a c c e l e r a t e d  than the heavy ions .  

3. Equat ions  (1.6) were  i n t eg ra t ed  n u m e r i c a l l y  by E u l e r ' s  method in s teps  of % s t a r t i n g  f r o m  the 

point  

r "rn4-~ 1 v" 
~ ~  L ~ ]  

where  the in i t ia l  va lues  of the c o n c e n t r a t i o n s  

N10 ~ = l / ( l + ~ l ) ,  N20 ~  

and of the v e l o c i t i e s  ui  ~ = 0 were  spec i f ied .  An a t m o s p h e r i c  p l a s m a  with y = ~/a, V = 3/7, was a s s u m e d .  

Computa t iona l  r e s u l t s  a r e  quoted below for  a few va lues  of ~-. 

vo = - -  0.69 - -0 .6  0.2 i . 0  i . 8  

N1 ~ 0.7000 0.5957 0.i707 0.05i0 0.0i54 
N2 ~ 0.3000 0.2609 0.0754 0.0i98 0.0050 
ul 0.0000 0.0972 0.9148 i.719i 2.5i90 
u~ . 0.0000 0.0841 0.8459 i.6349 2.4307 

In addi t ion ,  c u r v e s  a r e  p lot ted  in Figs .  1 and 2; the cont inuous  c u r v e s  r e f e r  to the ana ly t i c ,  and the 
b r o k e n  to the n u m e r i c a l ,  so lu t ion ,  while  the i nd i ces  1 and 2 r e f e r  to the l ight  and heavy ions r e s p e c t i v e l y .  

In F ig .  1 we c o m p a r e  the c o n c e n t r a t i o n s  of the two so r t s  of ions ,  obta ined  in the l i n e a r  a p p r o x i m a -  

t ion  and by  the c o m p u t e r  so lu t ion .  F i g u r e  2 offers  a s i m i l a r  c o m p a r i s o n  of the m e a n  v e l o c i t i e s  ui,  o r  m o r e  
p r e c i s e l y ,  of the d i f f e r ences  Au i = Ju i - u ' j ,  where  u* = ~- - T 0 is  the modi f ied  ve loc i ty  of the ions  of a s i n -  

gle kind in a s i m p l e  p l a s m a ,  fo r  which we a lways  have u 2 < u* < u 1. 

The a p p r o x i m a t e  and n u m e r i c a l  so lu t ions  a r e  seen  to be in good a g r e e m e n t  i m m e d i a t e l y  behind  the 
d i s con t inu i ty  (T 0 < ~" < 1). As  r i n c r e a s e s ,  the d i v e r g e n c e  be tween  t h e m  b e c o m e s  m o r e  m a r k e d ,  p r e s u m a b l y  
due to the i n c r e a s i n g  i n a c c u r a c y  of the l i n e a r  app rox ima t ion .  This  is c o n f i r m e d  by c o n s i d e r i n g  the b e -  
hav ior  of the dens i t y  so lu t ions  (2.4), which conta in  t e r m s  of the f o r m  ~-exp (-g-2~- - 1); as  ~" --" +oo, these  
l a t t e r  p rov ide  c o r r e c t i o n  t e r m s  6% which a r e  by no me a ns  s m a l l .  A s i m i l a r  d i v e r g e n c e  is found for  the 
v e l o c i t i e s ;  he re ,  as  ~- --" +co, a cons tan t  though s m a l l  dev ia t ion  is found,  In addi t ion ,  the n u m e r i c a l  s o l u -  

t ion r e v e a l s  a m a x i m u m  of the l ight  ion a c c e l e r a t i o n  du l /d% i .e . ,  of u s - u *  (Fig. 2), in the r eg ion  v ~ 1, 
which is not r e v e a l e d  by the a p p r o x i m a t e  so lu t ion .  Meanwhi le ,  a n a l y s i s  of the in i t i a l  s y s t e m  of m o m e n t  
equa t ions  (1.6) i nd i ca t e s  that  the funct ion  d2ul/dT 2 changes  s ign in the i n t e r v a l  iT0, ~o], w h e r e a s  d2u2/d~ -2 
r e t a i n s  a f ixed sign.  In view of th is ,  a s u p p l e m e n t a r y  c o m p u t e r  eva lua t ion  was p e r f o r m e d  for  d i f fe ren t  
va lues  of the p a r a m e t e r s  7 and ~/, a n a l y s i s  of which c o n f i r m e d  that  the so lu t ions  in fac t  have the f e a t u r e s  
jus t  men t ioned .  It should be noted  that the dependence  on 3/ (within the f r a m e w o r k  of the l i m i t i n g  case  7 ~ 
1) p roved  to be qui te  weak,  e s p e c i a l l y  for  the ion d e n s i t i e s .  

To s u m  up, the n u m e r i c a l  and a p p r o x i m a t e  ana ly t i c  so lu t ions  ob ta ined  above ind ica te  that the l a t t e r  
holds in a m o r e  r e s t r i c t e d  r ange ;  th is  l i m i t s  i ts  r ange  of u s e f u l n e s s  and sugges t s  that f u r t h e r  s tudy is 
needed  of the n o n l i n e a r  p r o p e r t i e s  a p p e a r i n g  with l a r ge  ~-. 

In conc lu s ion  the a u t h o r  thanks  N. T. Pashchenko  for  sugges t ing  the p r o b l e m  and showing un fa i l i ng  
i n t e r e s t .  
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